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Abstract 

Let fc be a commutative ring. We study the behaviour of cover- 
ings of fc-categories through fibre products and find a criterion for a 
covering to be Galois or universal. 
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1 Introduction 

In this paper we study Galois coverings of fc-categories and we look for conditions 
that ensure the existence of a universal covering. With this purpose in mind we 
consider the fibre product of two Galois coverings. Differences with the usual alge- 
braic topology setting appear, since the fibre product of coverings of fc-categories 
does not provide in general a covering through the projection functor. Neverthe- 
less, the fibre product of a Galois covering with a fully faithful functor is a Galois 
covering. 

The theory of Galois coverings is deeply related to the fundamental group 
and gradings of fc-linear categories. In ||6| we introduce the intrinsic fundamental 
group TTi (B) attached to a fc-linear category B as the automorphism group of the 
fibre functor which sends any Galois covering F to its fibre F~^{b) over a cho- 
sen object b. This fundamental group takes into account the linear structure of 
the category B. It is intrinsic in the sense that it is not attached to a presentation 
of the category by generators and relations. However, the fundamental groups 
previously constructed by R. Martinez-Villa and J. A. de la Pefia in [11] and by K. 
Bongartz and P. Gabriel |3 8| associated to a presentation of the category by a 
quiver and relations and depending on it HJIU are quotients of the intrinsic tti we 
introduce. In case a universal covering U : U ^ B exists, the fundamental group 
that we have defined is isomorphic to the automorphism group Aut([/). 

The concept of Galois covering is also related to gradings and to the smash 
product construction. In [7] we make an explicit comparison between Galois cov- 
erings and smash coverings of a fc-category B. More precisely, we provide an 
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equivalence between the category of Galois coverings of B and its full subcate- 
gory whose objects are the smash product coverings. We consider the fundamen- 
tal group that has been defined in |6l using Galois coverings and show that we can 
restrict to smash coverings when computing the fundamental group '!Ti{B). From 
||5l we get that each connected grading of B provides a Galois covering through the 
smash product, and hence the fundamental group is derived from all the groups 
grading the linear category in a connected way. This allows the computation of 
the fundamental groups of matrix algebras, triangular algebras, group algebras 
and diagonal algebras, see IZJ. In particular this provides a confirmation of the 
fact that the fimdamental group of an algebra takes into account the matrix struc- 
ture, in other words it is not a Morita invariant: matrices do not admit a universal 
covering since there exist at least two connected components of the category of 
connected gradings. 

Our main results here are: a characterization of Galois coverings, since F is 
Galois if and only if the fibre product of F with itself is a trivial covering; and a 
characterization of imiversal coverings, since F is universal if and only if the fibre 
product of F with any Galois covering provides a trivial covering. We finish this 
article with an application. 



In this section we recall some definitions and results from ||6| that will be useful 
for this article. 

Let fc be a commutative ring. A fc-category is a small category B such that each 
morphism set yBx from an object a; G Bo to an object y £ Bq is a fc-module, the 
composition of morphisms is fc-bilinear and the identity at each object is central in 
its endomorphism ring. In particular each endomorphism set is a fc-algebra, and 
yBx is a yBy - ^j^aj-bimodule. 

Each /c-algebra A provides a single object /s-category Ba with endomorphism 
ring A. Of course the structure of A can be described more precisely by choosing a 
finite set E of orthogonal idempotents of A, such that J^eeA ~ 1/ the fc-category 
Ba,e has set of objects E and morphisms from e to / the fc-module fAe. Note that 
^A,{i} = Ba- 

Definition 2.1. The star StbB of a k-category B at an object b is the direct sum of all the 

morphisms with source or target b : 



Note that this k-module counts twice the endomorphism algebra at b. 

Definition 2.2. Let C and B be k-categories. A k-functor F : C ^ B is a covering of 
B if it is surjective on objects and if F induces k-isomorphisms between the corresponding 
stars. More precisely, for each b e Bq and each x in the non-empty fibre F~^{b), the map 
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F^ : StxC 



StbB. 



induced by F is a k-isomorphism. 
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Remark 2.3. Each star is the direct sum of the source star St^ B = ©ygB„ y^b and the 
target star St^B = 0.ygg„ bBy. Since the St^ and St^ components are stable under 
F, the condition of the definition is equivalent to the requirement that the corresponding 
target and source stars are isomorphic through F. 

Moreover this splitting goes further: the restriction ofF to ®y(zp-i(^c) y^x is k-isomorphic 
to the corresponding k-modide cBb- The same holds with respect to the target star and 
morphisms starting at all objects in a single fibre. 

Remark 2.4. The previous facts show that Definition \2.2\ coincides with the one given by 
K. Bongartz and P. Gabriel in 0. 

Definition 2.5. Given k-categories B.C.V, the set Mor(F, G)from a covering F : C ^ B 
to a covering G : T> ^ Bis the set of pairs of k-linear functors (H, J) where H : C ^ V, 
J : B ^ B such that GH = JF, with J an isomorphism. 

We will consider within the group of automorphisms of a covering F : C ^ B, the sub- 
group Auti(F) ofinvertible endofunctors H ofC such that FH = F. 

We next recall the definition of a connected fc-category. In fact, given a cover- 
ing, we shall be interested in each connected component. 

We use the following notation: given a morphism /, its source object is de- 
noted s(/) and t{f) is its target object. We will also make use of walks. For this 
purpose we consider the set of formal pairs (/, e) as "morphisms with sign", where 
/ is a morphism in B and e e { — 1,1}. We extend source and target maps to this 
set as follows: 

s{f, 1) = s{f, -1) = t(/), 1) = t{f, ~l) = s{f). 

Definition 2.6. Let B be a k-category. A non-zero walk in B is a sequence of non-zero 
morphisms with signs (/„, e„) . . . (/i, ei) such that s(/i+i, e^+i) = t{fi,ei). We say that 
this walk goes from s(/i, ei) to t(/„, e„). 

A k-category B is connected if any two objects b and cofB can be joined by a non-zero 
walk. 

Proposition 2.7. i[6] Proposition 2.8] Let F : C — > Bbea covering of k-categories. IfC 
is connected, then B is connected. 

The following two statements correspond respectively to 16j Proposition 2.9] 
and m Corollary 2.10]. 

Proposition 2.8. Let F : C — > B and G : V — > B be coverings of k-linear 
categories. Assume C is connected. Two morphisms {Hi , J), {H2 , J) from F to G such 
that Hi and H2 coincide on some object are equal. 

Corollary 2.9. Let F : C ^ B be a connected covering of a k-linear category B. The 
group Auti(F) ~ {{H, 1) : F F \ H an isomorphism ofC} acts freely on each fibre. 

Next we recall the definition of a Galois covering: 

Definition 2.10. A covering F : C — > B of k-categories is a Galois covering if C is 
connected and ff Auti(F) acts transitively on some fibre. 

Of course, the condition "on some fibre" actually means that the automorphism 
group acts transitively at every fibre whenever it acts transitively on a particular 
one, as it is proven in ||6ll9l[T0|. 
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Proposition 2.11. Let F : C — > Bbea Galois covering. Then Auti(F) acts transitively 
on each fibre. 

The following structure theorem gives an explicit description of Galois cover- 
ings. 

Theorem 2.12. i[6j Theorem 3.7]. Let F : C — > Bbea Galois covering. Then there exists 
a unique isomorphism of categories F' : C/Auti(F) — > B such that F'P ~ F, where 
P : C — > C/Auti(F) is the Galois covering given by the categorical quotient. 

Examples of coverings that are not Galois can be found in l6ll9l[T0l. 

Definition 2.13. A universal covering U : U ^ B is a Galois covering ofB such that 
for any Galois covering F : C ^ B, and for any u G Uq, c £ Cq with U{u) — F{c), there 
exists a unique morphism {H, l)from U to F such that H{u) = c. 

In case of existence, a universal covering is unique up to isomorphisms of 
Galois coverings. In general universal coverings do not exist, as the following 
Example shows. 

Example 2.14. Let k be afield and consider the k-categories 




and Fi,F2 : C B Galois coverings of B given by Fi{ai) = a, F2{ai) = a + cb, 

Fi{hi) = F2{h) = band Flic) = ^2(0,) = c. 

Since C is simply connected, it admits no proper Galois covering , see il2][IIt, and there 
is no morphism between F\ and F2. Hence B admits no universal covering. 

3 Fibre product of coverings 

The fibre product of coverings that we define below will be useful in order to 
provide a criterion for a covering to be Galois and to be universal. 

Definition 3.1. Let F : C — > B and G : V — > B be k-fiinctors of k-categories. The 
fibre product C xi^V is the k-category defined as follows: objects are pairs {x, y) G Co x 
Vq such that F{x) ~ G(y); the set ofmorphismsfrom {x, y) to (x', y') is the k-submodule 
of x'Cx © y'Vy given by pairs ofmorphisms {tp, ip) verifying Ftp = Gtp- Composition of 
morphisms is defined componentwise. 
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Remark 3.2. The fibre product as defined above is in fact the categorical fibre product in 
the category ofk-linear categories. In particular, the following diagram is commutative 



C xbV^^C 



P'-D 



B 



Theorem 3.3. With the same notations as above, assume that F is a covering and that G 
is fully faithful. Then pr-p is a covering ofV. 

Proof. Let d be an object of T>. The pr^-fibre of d is the set of pairs (c, d) such that 
Fc = Gd, that is, the set of pairs (c, d) such that c is in the F-fibre of Gd. 

In order to prove that (prp)^'^''*'' is an isomorphism between stars, we first show 
that it is surjective. Let / S yVd, consider Gf e StcdB and let J2 9i the unique 
sum of morphisms in C obtained through the isomorphism of stars between StcC 
and St FcB = StcdB. Of course each starts at the common object c and it ends at 
objects in the F-fibre of Gy. We have that J2 ^9% ~ Gf . Since Fgi is a morphism 
from Gd to Gy in B and G is full, there is one morphism hi from d to y in 2? such 
that Ghi = Fgi. This provides morphisms {hi,gi) of the fibre product. Moreover 
G is faithful, G — E = Gf hence J2^i — f ^^'i ^i) the required 

morphism in the star St(^c.d)C xe 2? lymg above /. 

In order to prove that (pr-p)''^''^^ is a monomorphism, let Y^igi, hi) G St(c,d)C xbV 
be such that 

i 

Fix zq in the set of indices of the last direct sum and consider the subset of indices 
defined by J = {i : yi = yi^}. Now = J2j e y^^Vd and F{Y,j gi) = Ej GK = 
0. Since F^^^^ : StcC St^^c^B is an isomorphism, we have that = 0. Observe 

that each gi lies in a different direct summand of StcC. Hence gi ~ for all i ^ J, 
= Fgi = Ghi and we have that hi ^ for all i e J because G is faithful. Finally 
note that the subsets J = J{io) are a partition of the set of indices considered. □ 



We provide an example of a fibre product of coverings such that its projections 
are not coverings. 

Example 3.4. Consider coverings Fi and F2 as in Example \2.14\ Its fibre product C x^C 
has set of objects isomorphic to the set Co xZby the bijection sending {xi,Xi+k) to (.t,;, fc) 
for X ~ s,t, u. Now the vector spaces of morphisms from {U^tj) to (si+i, Sj+i) are zero. 
So, even if both projections are surjective on objects, the respective maps between stars are 
not surjective. 

Next we prove several results concerning fibre products of Galois coverings. 
The first one gives a method to produce Galois coverings in an iterative way. After 
recalling the definition of a trivial Galois covering we give a criterion useful to 
check if a given covering is trivial. 

Proposition 3.5. Let F : C — > B be a Galois covering ofk-linear categories. The fibre 
product of F by itself is a covering ofC, through the projection functor pr^. 
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Proof. It is clear that pr^- is surjective on objects since pr^. (c, c) = c. We must prove 
that 

(prc)^''^ :St(,^,,)CxBC^St,C 

is an isomorphism, where F{c) = F{c'). Using that F is Galois we deduce that 
there exists g G Aut{F) such that gc = d . The surjectivity on morphisms is also 
immediate since {f,gf) E St(c,c')C xg C and prc(/, .g/) = /. The proof of the 
injectivity is the same as in the proof of Theorem l3.3l □ 

Definition 3.6. A trivial covering of a k-category B is a covering which is isomorphic 
to the one given by the product B x E of B by a set E, with objects Bq x E and where 
the morphisms are (y,e)(B x -E)(x,e) — y^x while (yj){B x -E)(x.e) = z/e 7^ /. The 
covering functor is the projection functor to the first factor. 

Lemma 3.7. Let F : C — Bbe a covering of k-categories, where B is connected. Let S 
be a section of F, namely a k-functor B — > C such that FS = Ig. Then the subcategory 
SB is full and it is a connected component ofC. 

Proof. Let / be a non-zero morphism of C having one extreme object in SB. Let 
X G SBq and let / S yC^- Let 6 G be such that x = Sb. In order to prove that 
y is also in the image of 5", consider St^-C which is isomorphic through F to Stf,S. 
Since FS = Id, we have that S : SttB — > St^C is the inverse of F at the star level. 
Hence / = SFf and y = SFy. We have shown that a morphism between objects 
in the image of S is in the image of S, which shows that SB is full in C. Since SB is 
isomorphic to B, the category SB is connected. □ 

Proposition 3.8. Let F : C — > Bbe a covering of k-categories, where B is connected. 
The covering is trivial if and only if for each object x G Co there exists a k-linear functor 
S : B — > C such that FS is the identity functor ofB and SFx = x. 

Proof. Assume that for each 2; G Co there exists a fc-linear functor S ; B — C such 
that FS is the identity functor of B and SFx = x. Let E be the set of all these 
sections of F and consider the functor a : B x — > C given by a{b, S) ~ Sb and 
a {(c,s)f{b.s)) ~ Sf. This functor is clearly faithful and dense. It is also full by the 
previous lemma. The other implication is immediate. □ 

We already know after Proposition 13.51 that when _F is a Galois covering the 
fibre product of F with itself is a covering. In fact, we will now characterize Galois 
coverings using fibre products. 

Theorem 3.9. A connected covering F : C — > B is Galois if and only the fibre product 
of F with itself is a trivial covering of C with respect to the projection functor pr^ to the 
first factor. 

Proof. In case F is Galois, let x G Co and let (x, x') be in the fibre of x in the fibre 
product, namely Fx = Fx' . By transitivity and freeness of the action, there exists 
a xmique g G Aut(i^) such that gx — x' . Let S':C— ^CxgCbe the fimctor defined 
as follows: Sy = {y,gy) on objects and Sf = {f,gf) on morphisms. This functor 
verifies the hypotheses of the previous proposition, and hence F is trivial. 
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Conversely let x and x' be in the same _F-fibre, in order to define an automorphism 
carrying x to x' , let S be the section of the fimctor of prj^ through (x, x') obtained 
using Proposition |3.8l The second component of S will provide the required auto- 
morphism g, more precisely g is defined by Sy = {y, gy) and Sf = (/, gf). Clearly 
Fg = Fhy definition of the fibre product. Note also that this proves the existence 
of g, we already know that there exists at most one endomorphism g of F such 
that gx = x' . In order to prove that g is invertible, note that for x' and x" in the 
same fibre, there exists an endomorphism hof F such that x' = hx". If x" = x, we 
have ghx = x, then gh= 1. □ 

We already know that since a universal covering U of is Galois, the fibre 
product U xjsU is trivial. In fact, we shall see that this is the case for U xgC, where 
C ^ B is any Galois covering of B, and moreover, this property characterizes 
universal coverings. 

Theorem 3.10. A connected covering U : U — > B is universal if and only if the fibre 
product of U with any Galois covering F : C — > B provides a trivial covering ofU. 

Proof. In case U is universal, let {u, x) be an object in [/ x g C, that is Uu = Fx. 
We have to prove that pr^ is a covering and that it is trivial. It is clear that pr^ is 
surjective on objects. To see that 

(pr;,)|;''"^St(„,,)Wx8C^St„W 

is an isomorphism consider the fc-linear functor S -.U -^U x^C defined as follows: 
since U is universal there exists a unique functor G such that FG = U and Gu = x; 

take 5* = Idjj x G. Now this functor S induces an inverse of (pfu)^^'^'' ■ It is also 
clear that 5 is a section of pr^ through (u, x). 

Conversely, let u G Uq and x G Cq such that Uu = Fx. In order to define G such 
that FG = U and Gu = x, let S* be a section of pr^^ through {u, x), and define 
G = prc5. We have FG = Fpr^S = UpvjjS = U. □ 

As an application we use this criterion in order to prove that the coverings in 
Example l2.14l are not universal. 

Example 3.11. Consider the Galois coverings Fi,F2 : C — > S «s in Example \2.14\ We 
have already verified in Example \3^ the projections from the fibre product C x^C to both 
coordinates are not coverings. Hence, neither Fi nor F2 is a universal covering. 
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